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Abstract. We introduce a new kind of Riemannian manifold that includes 
weakly-, pseudo- and pseudo projective- Ricci symmetric manifolds. The man- 
ifold is defined through a generalization of the so called Z tensor; it is named 
weakly Z symmetric and denoted by {WZS)n- If the Z tensor is singular we 
give conditions for the existence of a proper concircular vector. For non sin- 
gular Z tensor, we study the closedness property of the associated covectors 
and give sufficient conditions for the existence of a proper concircular vector 
in the conformally harmonic case, and the general form of the Ricci tensor. 
For conformally fiat {WZS)n manifolds, we derive the local form of the metric 
tensor. 
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1. Introduction 

In 1993 Tamassy and Binh |31| introduced and studied a Riemannian manifold 
whose Ricci tensoio satisfies the equation: 

(1) Vfci?j; = AkRji + BjRki + DiRkj- 

The manifold is called weakly Ricci symmetric and denoted by {WRS)n- The covec- 
tors Ak, Bk and are the associated 1-forms. The same manifold with the 1-form 
Aj~ replaced by 2Ak was studied by Chaki and Koley and called generalized 
pseudo Ricci symmetric. The two structures extend pseudo Ricci symmetric mani- 
folds, {PRS)n, introduced by Chaki [4l, where VkRji = 2AkRji + AjRki + AiRkj 
(this definition differs from that of R. Deszcz iTT]). 

Later on, other authors studied the manifolds (TUl HOI HU; in [H] some global 
properties of {WRS)n were obtained, and the form of the Ricci tensor was found. 
In |10j generalized pseudo Ricci symmetric manifolds were considered, where the 
conformal curvature tensor 

Cjki"^ = Rjki™ + — ^('^j™-Rfei ~ Sk"^Rji + Rj™'gki — Rk^9ji) 

R 

(2) -(n-l)(n-2)^^^"^^'-'^^"^^') 

vanishes (for n = 3: Cjki"^ = holds identically, [57]) and the existence of a proper 
concircular vector was proven. In [3D] a quasi conformally flat {WRS)n was stud- 
ied, and again the existence of a proper concircular vector was proven. 
In [2] {PRS)n with harmonic curvature tensor (i.e. VmRjki™ = 0) or with har- 
monic conformal curvature tensor (i.e. "S/mCjki"^ — 0) were considered. 
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Chaki and Saha considered the projective Ricci tensor Pki, obtained by a contrac- 
tion of the projective curvature tensor Pjki™ [18] : 

(3) Pki = [Rki - -9ki] , 

n — 1 \ n J 

and generahzed {PRS)n to manifolds such that 

(4) VkPji = 2AkPji + AjPki + AiPkj . 

The manifold is called pseudo projective Ricci symmetric and denoted by {PW RS)n 
[Sj. Recently another generalization of a {PRS)n was considered in [S] and [TT] . 
whose Ricci tensor satisfies the condition 

(5) WkRji = {Ak + Bk)Rji + AjRki + AiRkj, 

The manifold is called almost pseudo Ricci symmetric and denoted by A{PRS)n- 
In ref.[ll] the properties of conformally flat A{PRS)n were studied, pointing out 
their importance in the theory of General Relativity. 

It seems worthwhile to introduce and study a new manifold structure that in- 
cludes {WRS)n, {PRS)n and {PWRS)n as special cases. 

Definition 1.1. A (0,2) symmetric tensor is a generalized Z tensor ii 

(6) Zki = Rki + 4> gkh 

where is an arbitrary scalar function. The Z scalar is Z = g^^ Zki = R + n<j>. 
The classical Z tensor is obtained with the choice 6 = —-R. Hereafter we refer 

^ n 

to the generalized Z tensor simply as the Z tensor. 

The Z tensor allows us to reinterpret several well known structures on Riemannian 
manifolds. 

1) If Zki = the (Z-flat) manifold is an Einstein space, Rij = {R/n)gij [3]. 

2) If ViZfe; — XiZki, the (Z-recurrent) manifold is a generalized Ricci recurrent 
manifold [9l|26]: the condition is equivalent to ViRki — XiRu + fJ-igki where 
(n — = (Ai — Vi)0. If moreover — {Xi — Vi)(/), a Ricci Recurrent manifold is 
recovered. 

3) If VkZji = VjZki (i.e. Z is a Codazzi tensor, [16]) then ^kRji — ^jRki = 
{gki^j — gji^k)(t>- By transvecting with g^^ we get Vfc[i? -I- 2(n — 1)0] — and, 
finally, 

VkRji - ^jRki = 2(?i - 1) ~ 9ki^])R- 

This condition defines a nearly conformally symmetric manifold, (A^C5)„. The 
condition was introduced and studied by Roter [53]. Conversely a {NCS)n has a 
Codazzi Z tensor if Vfe[i? + 2{n - = 0. 

4) Einstein's equations jl^ with cosmological constant A and energy-stress tensor 
Tki may be written as Zki — kTki, where (f> — —^R + A, and k is the gravitational 
constant. The Z tensor may be thought of as a generalized Einstein gravitational 
tensor with arbitrary scalar function cf). 

Conditions on the energy-momentum tensor determine constraints on the Z tensor: 
the vacuum solution Z = determines an Einstein space with A = ^^^^ R; conser- 
vation of total energy-momentum {\/^Tki = 0) gives V'Zki = and \7k{^R+(t>) = 0; 
the condition V iZki = describes a space-time with conserved energy- momentum 
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density. 

Several cases accomodate in a new kind of Riemannian manifold: 

Definition 1.2. A manifold is Weakly Z symmetric, and denoted by {WZSjn, if 
the generalized Z tensor satisfies the condition: 

(7) ^kZji = AkZji + BjZki + DiZkj- 

If = we recover a {WRS)n and its particular case {PRS)n- If = —R/n 
(classical Z tensor) and if Ak is replaced by 2Ak, Bk = Dk = Ak, then Zji = ^^-^Pji 
and the space reduces to a {PWRS)n- 

In sect. 2 we obtain general properties of {WZS)n that descend directly from the 
definition and strongly depend on Zij being singular or not. The two cases are 
examined in sections 3 and 4. In sect. 3 we study {WZS)n that are conformally or 
pseudo conformally harmonic with B — D ^ 0; we show that B — D, after normaliza- 
tion, is a proper concircular vector. Sect. 4 is devoted to (WZS)^ with non-singular 
Z tensor, and gives conditions for the closedness of the 1-form A — B that involve 
various generalized curvature tensors. In sect. 5 we study conformally harmonic 
(WZS)„ and obtain the explicit form of the Ricci tensor. In the conformally flat 
case we also give the local form of the metric. 

2. General properties 
From the definition of a (WZS)n and its symmetries we obtain 

(8) ^ rijZki - TiiZkj, 

(9) ^kZji — VjZki = i^kZji — ujjZki, 

with covectors oJk = Ak — Bk and ijk — Bk ~ Dk that will be used throughout. 
Let's consider eq.® first, it implies the following statements: 

Proposition 2.1. In a (WZS)n, if the Z tensor is non-singular then rjk = 0. 

Proof. If the Z tensor is non singular, there exists a (2,0) tensor Z^^ such that 
{Z-^)''''Zki = 5^1. By transvecting eq.® with {Z-^f^ we obtain T]j5i^ = 7?i(5/; 
put h = I and sum to obtain (n — 1)77^ =0. □ 

Proposition 2.2. If rjk 7^ and the scalar Z ^ 0, then the Z tensor has rank one: 

(10) z., = z ^ 

Proof. Multiply eq.([8]) by if and sum: rj^rjjZki = rjir^^Zkj. Multiply eq.® by g^'^ 
and sum: rj'^Zki — Zrji. The two results imply the assertion. □ 

The result translates to the Ricci tensor, whose expression is characteristic of 
quasi Einstein Riemannian manifolds [7] , and generalizes the results of |12) : 

Proposition 2.3. A (WZS)n with rjk 0, is a quasi Einstein manifold: 

(11) Rij = -(l)9ij + Z TiTj, T, = 

Next we consider eq.®. If Zij is a Codazzi tensor, then the l.h.s. of the equation 
vanishes by definition, and the above discussion of eq.® can be repeated. We 
merely state the result: 
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Proposition 2.4. In a {WZS)n with a Codazzi Z tensor, if Z is singular then 
LUk 7^ 0. Conversely, if rank [Zki] > 1 then ujk = 0. 

3. Harmonic conformal or quasi conformal (WZS)„ with 7^ 

In this section we consider manifolds {W ZS)n {n > 3) with, rjk 7^ 0, and the prop- 
erty VmCjki™' = (i.e. harmonic conformal curvature tensor 0) or VmWjki"^ — 
(i.e. harmonic quasi conformal curvature tensor |34| ) . We provide sufficient condi- 
tions for ?7/||?7|| to be a proper concircular vector [251 132| . 

We begin with the case of harmonic conformal tensor. From the expression for 
the divergence of the conformal tensor, 

VkRji - VjRki + ^^ {9kNj - gji^k)R 



n — 3 

(12) VmCjkl"^ 



n~2 

we read the condition ^mCju"^ = 0: 

(13) VkRji - VjRki = ^(^^_^) (gj-iVfc - gkiVj)R. 

We need the following theorem, whose proof given here is different from that in [T3] 
(see also [TU]): 

Theorem 3.1. Let M be a n > 3 dimensional manifold, with harmonic conformal 
curvature tensor, and Ricci tensor Rki — agki + /3TkTi, where a, (3 are scalars, and 
T^Tk = 1. // 

(14) (r,Vfe-TfeV,)/3 = 0, 
then Tk is a proper concircular vector. 

Proof. Since M is conformally harmonic, eq. (|13p gives: 

(15) P[Vk{T,Ti) - V,{TkTi)] = -^-L_(g^,Vfc - gkN,)S, 

where S = — (rt — 2)a -f /?, and condition (IT4l) was used. The proof is in four steps. 

1) We show that T'V/Tfc = 0: multiply eq.dH]) by gi^ to obtain: a) -f3V'{TkTi) = 
iVfeS". The resuh a) is muhiplied by T'' to give: b) -pViT^ = ^T^^iS. a) and 
b) combine to give: c) -f3T^ViTk = ^[Vk -TkT'-Vi]S. Finally muUiply eq.^ by 
T'T' and use the property T'VkTi to obtain: 

which, compared to c) shows that d) T'^ViTk = and [TjT'^Vk - Vj)S' = 0. 

2) We show that T is a closed 1-form: multiply eq.([T5]) by T' 

P[VkT, - V,Tk] = ^(^^(r.Vfe - TkV,)S. 

T is a closed form if the r.h.s. is null. This is proven by using identity a) to write: 
(TjVfc - TkVj)S = ~2^{TjV\TkTi) - TkV\TjTi)] = by property d). 

3) With condition d) in mind, transvect eq. p^ with and obtain 
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Use d) to replace TiVjS with TiTjT^VuS. Then: 

(16) V,T, = /(T,T,-,,), /-^^ 
which means that is a concircular vector. 

4) We prove that is a proper concircular vector, i.e. fTk is a closed l-form: from 
d) by a covariant derivative we obtain VjVfeS' = jTu){T'^V iS) + TkVj{T'ViS); 
subtract same equation with indices k and j exchanged. Since is a closed l-form 
we obtain: TkVj{T^ViS) = TjVkiT^ViS). Multiply by T^: 

(Tj-r'^Vfe - V,)(T'Vj^) =0 

From the relation (IT4l) . one obtains: [T^T^Vi — Vfe)/3 = 0. It follows that the scalar 
function / has the property Vj/ = /iTj where /i is a scalar function. Then the 
l-form fTk is closed. □ 

With the identifications a = —(f) and /3 — Z, Ti ~ ili/\\v\\ (see Prop. 12. 3p the 
condition dH]) is (ry^ Vfc-?7feVj)Z = 0. Since Z = S'-(n-2)0 and {rijV k-Vk^ j)S = 
0, the condition can be rewritten as {rjjVk — Tik^ — 0. Thus we can state the 
following: 

Theorem 3.2. In a {W ZS)n manifold with rjk ^ and harmonic conformal cur- 
vature tensor, if 

(17) (7?j Vfe - 77feVj)0 = 
then r]i/\\ri\\ is a proper concircular vector. 

Remark 1. If (f> — or Vfe(/) = 0, the condition Jj?] ) is fulfilled automatically. In 
the case <j) ~ Q we recover a {WRS)n manifold (and the results of refs [lOl 1121 ). 

Now we consider the case of a {WZS)n manifold with harmonic quasi conformal 
curvature tensor. In 1968 Yano and Sawaki |34] defined and studied a tensor Wju^ 
on a Riemannian manifold of dimension n > 3, which includes as particular cases 
the conformal curvature tensor C'jki"^, eq.([2]), and the concircular curvature tensor 

R 



—, -T(Oj gu-Ok gji). 

n(n — 1) 



(18) Cjki™ = Rjki^ 

The tensor is known as the quasi conformal curvature tensor: 

(19) W,kr = -{n - 2) feQfez" + [a+{n- 2)6]^^^; 

a and b arc nonzero constants. From the expressions ([T^ and ([5^ we evaluate 

(20) VmW.kr = (a + b)VmR,kr + 2a-K^ -^)(^-4) ^^^^^^ _ g^i^k)R. 

A manifold is quasi conformally harmonic if VrnWjkj"^ = 0. By transvecting the 
condition with g^'' we get: 

(21) {l-2/n)[a + b{n-2)]VjR = 0, 

which means that either a + b{n — 2) = or Vji? = 0. The first condition implies 
W — C, and gives back the harmonic conformal case. If V jR = it is VmRjki"^ = 
by (j20p , and the equations in the proof of theorem 13.11 simplify and we can state 
the following (analogous to theorem [ 
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Theorem 3.3. Let (WZS)n be a quasi conformally harmonic manifold, with rjk ^ 
0. // (rjjS/k — "rjkV — 0, then 77/II77II is a proper concircular vector. 

4. (WZS)„ WITH NON-SINGULAR Z TENSOR: CONDITIONS FOR CLOSED U 

In this section we investigate in a [W ZS)n {n > 3) the conditions the 1-form Wfe 
to be closed: ViUJj — VjWi ~ 0. We need: 

Lemma 4.1 (Lovelock's differential identity, |231 124) ). In a Riemannian manifold 
the following identity is true: 

V mRjkl^ + ^j^mRkil"^ + ^k^mRijl™ 
tno\ 

and also the contracted second Bianchi identity in the form 

(23) VmRjkr = ^kZji - VjZfcz + {gu V, - g^i Vfc)0. 
Now we prove the relevant theorem (see also |24) ) : 

Theorem 4.2. In a {WZS)n (n > i) with non singular Z tensor, oJk is a closed 
1-form if and only if: 

(24) RimRjkl^ + RjmRkil^ + RkmRijl™ = 0. 

Proof. The covariant derivative of eg. ([23]) and eg. ([9]) give: ViS/mRjki"^ — {^i^^k)Zji- 
ujkiViZji) - {y^u}j)Zki-ujj{ViZki) + [gki^ j4> - 9ji'^ k4>) ■ Cyclic permutations 
of the indices i,j, k are made, and the resulting three eguations are added: 

Vi\/,nRjkl"^ + ^j^mRkil"'' + ^k^niRijl"^ 

= {ViUJk - Vkt^i)Zji + {VjUi - ViUjj)Zki + {VkUJj - 'S/jUJk)Zu 
+ujj{VkZii - WiZki) + uJkC^tZji - WjZu) + uji{VjZki - VkZji). 
Cancellations occur by eg.®. By lemma HTTl one obtains: 

p p m p p m p p m 

^im^jkl ^jva-^kil ^kva-^ijl 

= {ViUJk " VfewjZj; + (VjWi - ViUJj)Zki + (VfcWj - VjUJk)Zii. 

If Wfc is a closed 1-form then eq. ([M|) is fulfilled. Conversely, suppose that eq. llMl) 
holds: if the Z tensor is non singular, there is a (2, 0) tensor such that Zki (Z~^)'^^" — 
5i^. Multiply the last eguation by (Z"!)": {V .tOk-V ki^i)Sj'^ + {V jto^-V iUJ-j^dk'' + 
(VfcWj- — V jUJk)5i^ = 0. Set h = j and sum: {n — 2){ViUJk — ^k^i) = 0. Since 
n > 2, Wfe is a closed 1-form. □ 



Remark 2. By Lovelock's identity, the condition {2^^ is obviously true ifVmRijk"^ = 
0, i.e. the {WZS)n is a harmonic manifold. However, we have shown in ref. [24j 
that there is a broad class of generalized curvature tensors for which the case 
S/mKijk"^ = implies the same condition. This class includes several well known 
curvature tensors, and is the main subject of this section. 

Definition 4.3. A tensor Kjki"^ is a generalized curvature tenso^ if: 

1) if.fe," = -Kkjr, 

2) Kjki"^ + Kkij"^ + Kijk"^ — 0. 



^The notion was introduced by Kobayashi and Nomizu 1221 , but with the further antisymmetry 
in the last pair of indices. 
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The second Bianchi identity does not hold in general, and is modified by a tensor 
source Bijki™" that depends on the specific form of the curvature tensor: 

(25) ^iKju"^ + VjKkii"^ + VkK^ji"^ = Bijki"^ 
Proposition 4.4 ( 24J). If Kjki"^ is a generalized curvature tensor such that 

(26) V™if,H™ = A^^Rj^r + S(a;fcV, - a,, Vfc)V, 

where A ^ 0, B are constants, is a scalar field, and aij is a symmetric (0, 2) 
Codazzi tensor (i.e. ^iOki — '^kau), then the following relation holds: 

(27) V,V„,if,fe/™ + V, V„iffc,r + VkVr,.K,,r 

= —A{RimRjkl"^ + RjmRkil"^ + RkmRijl"^)- 

Remark 3. In 16J it is proven that any smooth manifold carries a metric such that 
{M,g) admits a non trivial Codazzi tensor (i.e. proportional to the metric tensor) 
and the deep consequences on the .structure of the curvature operator are presented 
(see also [25] ). 

Given a Codazzi tensor it is possible to exhibit a K tensor that satisfies the condition 

m 



(28) K.k^ = A Rjkr + B^ {Sj'^aki - Sk'^a.i). 

Its trace is: Kki = -K^ki"'' ^ ARki ~ B{n - l)ipaki. Note that for Oki = gu the 
tensor Kki is up to a factor a Z tensor. Thus Z tensors arise naturally from the 
invariance of Lovelock's identity. 

Remark 4. In the literature one meets generalized curvature tensors whose diver- 
gence has the form 126\) . with trivial Codazzi tensor: 



(29) V,nK,kr - A V.nRjkr + B{gkiVj - gjiVk)R- 

They are the projective curvature tensor Pjki"'' |18j . the conformal curvature tensor 
Cjki"^ [27j, the concircular tensor Cjki"^ [28l|32], the conharmonic tensor Njki™^ 
[26| I30j and the quasi conformal tensor Wjki"^ [34]. 



Definition 4.5. A manifold is X-harmonic if VmKjki"^ — 0. 

Proposition 4.6. In a K -harmonic manifold, if K is of type V29\) and A ^ 2(n — 
l)B, then VjR = 0. 

Proof. By transvecting eq. ([29]) with g^^ and by the second contracted Bianchi iden- 
tity, we obtain \[A- 2{n - 1)5] V^i? = 0. □ 

Hereafter, we specialize to {WZS)n manifolds with non singular Z tensor, and 
with a generalized curvature tensor of the type ([29]). From eqs. p3| and ([9]) we 
obtain: 

(30) "^mKjkr = A{LJkZji - ujjZki) + (fffc; - gjNk){.A(l) + B R). 
Then, the manifold is if-harmonic if: 

(31) AiujkZji - uojZki) = {gjiVk ~ 9ki^ ,) {A(j) + B R). 

Lemma 4.7. In a K -harmonic {WZS)n with non singular Z tensor: 

1) LUk^O if and only if Vfc (A0 + BR) = 0; 

2) If A^ 2{n - l)B, then cuk = if and only if Vk(t> = 0. 
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Proof. If Vfc(y4.(/) + BR) ~ then tUkZji = ujjZki'- if the Z tensor is non singular, 
by transvecting with {Z~^y'^ we obtain Ldjd'''k — ^kS^j- Now put h — j and sum 
to obtain (n — l)oJk ~ 0. On the other hand if Wfc = eq. (PT|) gives [gjiVk — 
.<?*:; Vj](^0 + BR) = and transvecting with g''' we get the result. 
If A ^ 2B{n - 1) then Vfci? = and part 1) applies. □ 

Theorem 4.8. In a K -harmonic {WZS)n with non-singular Z tensor and K of 
type ^29fl . if uj ^ then u is a closed 1-form. 

This theorem extends theorem l4.2l fwhere K = R), and has interesting corollaries 
according to the various choices K = C, W, P, C, N. 

Corollary 4.9. Let {WZS)n have non singular Z tensor and ui ^ 0. If^mKjki^^ — 
0, and K = P, C, N , then uj is a closed 1-form. 

Proof. 1) Harmonic conformal curvature: VmCjki"^ — 0. Note that in this case 
A = 2B{n - 1); theorem |48] applies. 

2) Harmonic quasi conformal curvature: VmWjki™ ~ 0: Eq. ([2T|) gives either Vji? = 
or a + b{n - 2) = 0. If VjR = then V,„i?jfc;™ = and theorem 1121 If 
a + b[n — 2) = it is ^m.Cjki™' = and case 1) applies. 

3) Harmonic projective curvature: ^mPjki^ = 0. The components of the projective 
curvature tensor are [TH [30] : 

PjkC^'' = Rjki"^ + — — -{5/^Rki — Sk"^Rji). 

One evaluates VmPjki™ = ^^z^'^mRjki^^ , and theorem 14.21 applies. 

4) Harmonic concircular curvature: VmCjfe/™ = 0. The concircular curvature 
tensor is given in eq. (fT8|) . [28l[32]. Its divergence is 

(32) VrnCjkr - ^.nRTkl + , ^ , , (.gfc^ Vj - g,lV k)R 

■' n[n — 1) 

Theorem 14.81 applies. 

5) Harmonic conharmonic curvature: ^mNjki"^ — 0. The conharmonic curvature 
tensor ^ [30] is: 

Njki^ — Rjki"^ + — — ~ Sk"^Rji + Rj^gki — RTdji)- 

A covariant derivative and the second contracted Bianchi identity give: 

r? — 3 1 
V„7V,fe,™ = —-^V„,R,ki"' + 2(n-2) ^^''^' ^ 9ji^k)R- 

Theorems 14.81 applies . □ 

There are other cases where the 1-form uJk is closed for a {WZS)n manifold. 

Definition 4.10 ([Ml EI])- A n-dimensional Riemannian manifold is K -recurrent, 
{KR)n, if the generalized curvature tensor is recurrent, ViKjki"^ = XiKjki"^, for 
some non zero covector A^. 

Theorem 4.11 ([24]). In a {KR)n, if \i is closed then: 

(33) RimRjkl"^ + RjmRkil™ + RkmRijl'^ = —-^mBijkl™'. 

where B is the source tensor in ea. i25\) . In particular, for K = C, P, C , N, W the 
tensor VmBijki™^ either vanishes or is proportional to the l.h.s. of eg. \3S\) . 
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Corollary 4.12. Let {WZS)n have non singular Z tensor, and be K recurrent 
with closed A^. If K — C, P, C, iV, W , then uj is a closed 1-form. 

Definition 4.13. A Riemannian manifold is pseudo symmetric in the sense of 
R. Deszcz 17 if the following condition holds: 

(VsVi — ViV s)Rjklm — Lr {gjsRiklm — gjiRsklm + gksRjilm — gkiRjslrn 

(34) ~\~gisRjkim giiRjksrn ~^ grnsRjkli gmiRjkls^ ^ 

where Lr is a non null scalar function. 

In ref.[53] the following theorem is proven: 
Theorem AAA. In a Riemannian manifold which is pseudo symmetric in the sense 

of R. Deszcz, it is RimRjkl"^ + RjmRku"' + RkmRijl"" = 0. 

Then we can state the following: 

Proposition 4.15. In a {WZS)n which is pseudosymmetric in the sense of R. Deszcz, 
if the Z tensor is non-singular then LUk is a closed 1-form. 

Definition 4.16. A Riemannian manifold is generalized Ricci pseudosymmetric in 
the sense of R. Deszcz, |15| . if the following condition holds: 

(VsVi — V s)Rjklm = Ls{RjsRiklm — RjiRsklm + RksRjilm ^ RkiRjslm + 

(35) +RlsRjkirn — RuRjksm + RrnsRjkli — RmiRjkls), 

where Ls is a non null scalar function. 

Theorem A. 17. In a generalized Ricci pseudosymmetric manifold in the sense of 
R. Deszcz, it is either Ls — or RimRjki"^ + RjmRku™ + RkmRiji"^ = 0. 

Proof. Equation ([55]) is transvected with g"^^ to obtain 

(VsVi — \7i'Vs)Rkl — Ls[Rim{Rskl^ + Rslk"^) ~ Rsm{Rikl^ + Rilk^)]- 

Then: 

(V.Vfc - VfcV,)i?ji + (VjV, - V^VJ)Rkl + (VfeVj - Vj\7k)Ra 

— 3Ls{RimRjkl^"' + RjmRkil"^ + RkmRijl"^) 

By Lovelock's identity (|4.1I) . the l.h.s. of the previous equation is: 

^iVmRjkl"^ + V j\/ mRkil^ + ^k'^mRijl^^ 

= (V.Vfc - VfcV,)i?j, + (Vj V, - V,Vj)i?fe, + (VfeV^- - VjVfe)i?,/ 

p p rn p p m p p m 

— ^im-^jkl ^jm^kil ^km^ijl 

Compare the two results and conclude that either Ls = — |, or RimRjki^ + 

RjmRkil^ + RkmRijl"^ =0. □ 

Finally we state: 

Proposition 4.18. In a {WZS)n which is also a generalized Ricci pseudosymmet- 
ric manifold in the sense of R. Deszcz, if the Z tensor is non-singular and Ls ^ 
then LOk is a closed 1-form. 
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5. CONFORMALLY HARMONIC (WZS)„: FORM OF THE RiCCI TENSOR 

In this section we study conformally harmonic {WZS)n in depth. We show the 
existence of a proper concircular vector in such manifolds, and obtain the form of 
the Ricci tensor. The proof only requires the Z tensor to be non singular. For the 
conformally flat case, in particular, we give the explicit local form of the metric 
tensor. 

The condition ^mCju™ = is eq. ([T3l) which, by using = Zij — g^j cf) and 
the property eq.®, becomes: 

(36) WfeZj-; - LxjjZki = '^(~~J^''9]i'^k - .g/c;Vj)[i? + 2(n - l)(f>]. 

This is the starting point for the proofs. By prop 14.71 since Z is non singular, 
Wfc 7^ if and only if Vk[R + 2{n - !)(/)] ^ 0. 

Remark 5. 1) The condition VmCjki"^ = implies that the manifold is a (NCS)n- 
2) If VkiR + 2(n — 1)0] = the Z tensor is a Codazzi tensor. 

The following theorem generalizes a result in [11] for A{PRS)n' 

Theorem 5.1. In a conformally harmonic {WZS)n the 1-formoj is an eigenvector 
of the Z tensor. 

Proof. By transvecting eq. ([36|) with g'^^ we obtain 



(37) 



-V,[i? + 2(n-l) 



the result is inserted back in eg. (1361) . 

^^kZjl — LOjZkl — -. —[{uJkZ — Oj"^Zkm)gjl — {l^jZ — Uj"^ Zjm)gkl], 

[n — ij 

and transvected with oj^u^ to obtain ^^^(w-'w'Zj;) = {ujjUJ^)uj'' Z^i. The last equation 



can be rewritten as: ZkiuJ 



□ 



Now eg . ((57)) simplifies: LOj{C, — Z) = — iVj[i? + 2(n— 1)(/)]. The result is a natural 
generalization of a similar one given in ref.^11 for A{PRS)n- 

Theorem 5.2. Let M be a conformally harmonic {WZS)n. Then: 

1) M is a quasi Einstein manifold; 

2) if the Z tensor is non singular and if (wjV/t — LUk^j)(j) — 0, then: 

'nC- Z^ 



(38) (wjVfc-WfeVj 
and M admits a proper concircular vector. 



0, 



Proof. Eq. (|36]) is transvected with uj^ and theorem 15.11 is used to show that 



Rki — 



n- 1 



gu 



i.e. Rki has the structure agki + I^T^Ti and the manifold is quasi Einstein [7]. By 
transvecting eg. ([25)1 with g-'' we obtain 



\^kZ 



n-2. 



-\7k(}> = oJkZ - uj Zki- 
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This and theorem ()5.ip imply: 

(39) ivfcZ+^iy^Vfc(^-c<.fc(Z-C). 

A covariant derivative gives ^ Vj V^Z + Vj Vfe0 = V j [oJk{Z — C)]- Subtract the 
equation with indices k and j exchanged: 

{Z - OiVjiOk - Vfccjj) + (cjfcVj - Vfc)(Z -0=0. 

According to coroharv 14. 9[ in a conformally harmonic {WZS)n with non singular 
Z the 1-form Wk is closed. Then 

(40) (L^fcVj -t^,Vfc)(Z-C) =0 

Multiply eg. pop by ujj and subtract from it the equation with indices k and j 
exchanged: (ujjVk — oj^V j)Z + (n — 2)(a;jVfc — uJk\/ = 0. Suppose that Wfe, 
besides being a closed 1-form, has the property {ojjS/k — uJk'Vj)(p = 0, then one 
obtains the further equation: 

(41) {ukVj -WjVk)Z = 0. 

Eas. (|40l41l) imply the assertion eg. ipS)) . The existence of a proper concircular vector 
follows from Theorem 13. II □ 

Let us specialize to the case C^fc™ — (conformally flat {WZS)n)- 
It is well known [1] that if a conformally fiat space admits a proper concircular 
vector, then the space is subprojective in the sense of Kagan. 
From theorem 15.21 we state the following: 

Theorem 5.3. Let {WZS)n {n > 3) be conformally flat with nonsingular Z tensor 
and (clIj Vfc — Uk^ j)<j) — 0, then the manifold is a subprojective space. 

In [33j K. Yano proved that a necessary and sufficient condition for a Riemannian 
manifold to admit a concircular vector, is that there is a coordinate system in which 
the first fundamental form may be written as: 

(42) ds^ ^ (da;i)2 +e'?(^')5*^(x2,...,a;")da;"dx'^, 

where a, /3 = 2, . . . , n. Since a conformally flat {WZS)n with non singular Z tensor 
admits a proper concircular vector field, this space is the warped product 1 x e^Af*, 
where {M*,g*) is a (n — 1)— dimensional Riemannian manifold. Gebarosky |19j 
proved that the warped product 1 x e'^M* has the metric structure (|42|) if and only 
if M* is Einstein. Thus the following theorem holds: 

Theorem 5.4. Let M be an dimensional conformally flat {WZS)n {n > 3). If Zki 

is non singular and (wjVfe — cjfeVj)^ = 0, then AI is the warped product 1 x e'^M* , 
where M* is Einstein. 
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